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Abstract 

Equations which define classical configurations of strings in are 
presented in a simple form. General properties as well as particular 
classes of solutions of these equations are considered. 

Polyakov's theory of strings 0]-@ has been discussed in a number of 
papers during the last ten years (see e.g. 0- [Q). Various problems and 
features of this theory have been studied and analyzed. Stable classical 
configurations of strings is one of the important problems of the string theory. 
Their description, classification and analysis of their properties are essential 
for understanding classical, quasi-classical and other aspects of the string 
theory. Surprisingly, not many results concerning classical configurations of 



strings (world-sheets) have been obtained (see e.g. The reason, 

obviously, lies in the complexity of the corresponding equations. So the 
description and analysis of the classical configurations of string is still of a 
great interest. 

In the present paper, we propose a new approach to the problem of clas- 
sical configurations of strings in the three-dimensional Euclidean space. It 
is based on the generalized Weierstrass formulae which allows to construct 
any surface in B? starting with a system of two linear equations. Then we 
represent the Euler-Lagrange equation for the Nambu-Goto-Polyakov action 
in a simple form. Common solutions of this equation and above linear sys- 
tem provide surfaces in B? which describe classical configurations of strings 
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(world-sheets). We discuss both general properties of the above system of 
equations as well as particular classes of solutions. 

Generalized Weierstrass formulae proposed in are the extension of 
well-known formulae of Weierstrass for minimal surfaces. One starts with 



the following system of two linear equations fl^ : 




pi'2 
-pipi 



(1) 



where ipi{z, z)^ip2{,z, z) are complex- valued functions, p{z, z) is a real- valued 
function and z, 1 are complex variables. Then one defines three real- valued 



functions Xi,X2,X3 as follows [|T^: 



Xi + 1X2 = 2i ^ (^Ihdz' - ^pldz' 
Xi - iX2 = 2iJ (jpldz - i>ldz') 



ip2'ipidz' + iljitp2dz' 



(2) 



where F is an arbitrary path of integration in the complex plane and bar 
means complex conjugation. Due to ([1|), the integrals in do not depend 
on the choice of F. Finally, one treats Xi, X2, X-^ as the coordinates of a 
surface in |^. The formulae (0) define the conformal immersion of a 
surface in R'^ since the corresponding first fundamental form is 



df = iu dzdz 



(3) 



where u = iV^iP + |V'2p- From it is clear that z,z play the role of minimal 
lines {z = x + iy,^ = x — iy). The Gaussian curvature K and the mean 
curvature H look like: 



K = — \ (logM 



zz ' 



u 



(4) 



The generalized Weierstrass formulae (^-(0) are the powerful tool for study- 
ing surfaces in R^ . In particular, any analytic surface in R^ can be globally 
represented by the formulae (|l|)-(@) [|13|. Note that another extension of the 
Weierstrass formulae for non-minimal surfaces has been proposed earlier in 
[0. The equivalence of the generalized Weierstrass formulae (|^) and those 
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of [|I^ has been established in [jl5[. However the form (|I]) is more convenient 
for many purposes. 

The generahzed Weierstrass formulae are also useful for an analysis of 
various quantities and problems of Polyakov string theory. Let us consider 
the standard Nambu-Goto- Polyakov action 

S = fioJdJ: + ^ J H'^dT. (5) 

where dT, is the area element. In terms of quantities p,ipi,4'2, from ©-(I) 
it has the following form |T^: 



S' = 4/io J {l^pil"^ + \ip2\'^y dxdy + J p'^dxdy (6) 



In the infrared region, where the second term in (HD dominates f^, the action 
S becomes quadratic in p and the generating Polyakov' s integral over all 
surfaces is reduced to a very simple one: 

J [da]e-^^^ (7) 

The measure of integration [da] depends in general both on p and ipi,ip2- We 
will discuss the functional (0) in a separate paper. Here, we will consider 
classical configurations of strings which are given by solutions of the Euler- 
Lagrange equation for the action (^. 

In generic coordinates the corresponding Euler-Lagrange equation has the 
form p!6|-||17||: 

AH + 2H (h'^ -K)- 2aoi^oH = (8) 



where A is the Laplace-Beltrami operator. If one chooses on a surface a 
conformal metric as in (^, then 

AH = \h,^ (9) 

and in terms of the variables ip = H~^ and p = u/ip equation (§) takes the 
form: 

ip,j + [2p2 + (log/) J ip - 2ao/WopV^ = (10) 



3 



Note that the Euler-Lagrange equation (H) has the form (^) in the conformal 
metric independently of any use of the generalized Weierstrass formulae (|l])- 
(0). But if one starts with the Weierstrass formulae (|I|)-(|^), then the quantity 
p in (p!0|) is exactly the coefficient p in equation (|l|) and ip = dipil"^ + \4'2\'^) /p- 
Thus equations (|I]), (p!0[) form a system of equations which completely de- 
fines the classical configurations of strings in via the formulae (0). Any 
surface in is constructable by the formulae Those which obey in 

addition equation (|10D represent classical configurations of strings. The sys- 
tem of equation (|l]), ( |Tol) is much simpler than those in terms of coordinates 
Xi,X2,X3 derived and used in P- [Q. Equation (|10|) itself (without the 
generalized Weierstrass formulae ([l|)-(@)) defines possible candidates to the 
classical configurations of strings. So it is of the great interest and importance 
itself. We will present below some classes of its solutions. 

We will consider here three particular cases: 1 ) constant mean curvature; 
2) constant mean curvature density; 3) the case /iq = 0. The simplest solution 
of equation ( p!o|) corresponds to the constant mean curvature, i.e. to ip = 
ipo = constant. In this case equation (^) is reduced to the Liouville equation 
for 6* = 2 logp: 

e,^ + l3e' = (11) 

where /? = 2ipQ — 2a;o/ioV^o- The general solution of equation (|TT]) is of the 
form (see e.g. [p!8| ) 

expe = , = p^ (12) 

while for /3 = one has p^ = A{z)A{'z) where A{z) is an arbitrary analytic 
function. So the formula (0) gives us two cylindrical surfaces {jS = 0) with 
Ho = ±y/aofio. At H > ^ao/io and — ^ao/io < H < surfaces are spherical 
{P > and, hence, K > 0) while for H < — ^/oo/Io and < H < ^ao/io one 
has pseudo-spherical surfaces (/5 < and < 0). 

Now we consider as second particular case H^/g = const., namely p = 
Po = const. Equation (|T0|) is now 

fzi + 2plip - 2ao/ioPoV5^ = (13) 
In the simplest case /io = 0, we have the linear equation 

(fxx + <Pyy + 8plip = (14) 
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General solution and classes of particular solutions of this equation are easily 
available. For the square domain < x,y < n and vanishing ip at the 
boundary, one has the well-known family of solutions 

V'nm = Tf— = AnmSinnx sin my (15) 

where n,m = 1,2, . . ., Anm are constants and po takes discrete values pi = 
[v? + m^)/8. So the corresponding closed surface has the following first 
fundamental form, string action and total area 

9 o 

di^ = (AnmSinnx sinmx) {dx^ + dy'^) (16) 



7r^(n^ + m^)A 



nm 



(18) 

respectively. Equation ([T3|) is well-known in various fields of physics. It has 
the famous kink-antikink solution ||T9i: 



ip = ± (ao/io)"^^^ tanh [po (e'^z + e~*"^ + b)] (19) 

where a, h are arbitrary real constants. It must be noted that the mean 
curvature H = ip~^ is singular along the line 2x cos a — 2y sin a + b = 0. Let 
us consider now the case when ip depends only on a; = {z + z)/2. Equation 
(|T3[) is equivalent to 

ipl + Splif"^ — 4ao/WoPoV^'^ = const. (20) 

Solution of this equation are given by standard elliptic functions. Equation 
(|T3|) arises also in a more general case, namely when (logp)^- = 0. Since 
then = A{z)A{z) -where A{z) is an arbitrary analytic function- equation 
(|TU|) is reduced to (|TB|) after the change of variable z A{z). 

Among the case when both p ^ const and (p ^ const we mention one 

with = 2AzA-(A + Aj where A{z) is an arbitrary analytic function. 
Changing z —>■ ^ = A{z), one gets from ( [To|) the equation 

(e + Vcl + 6v^ - 4ao/io<^' = (21) 
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In the pure Polyakov case /io = this equation becomes hnear and general 
solution is of the form (see ||2^) (f = (j)^ — -8(0 + c-c. where B{^) is 
an arbitrary analytic function. 

Among the different possible constraints on p and if there is one of im- 
portance in string theory. It is the gauge of constant mean density = 
1 in which the Virasoro symmetry is easily revealed (see e.g. 0). In 
our variables it is the constraint p'^ip = 1. In this gauge one has S = 
4 / (^jjQ^p + V~^) dxdy and equation ([10|) looks like 

ip^ip- +2(p- 2aoiJ,o(p^ = (22) 

In the one-dimensional case (say ipy = 0), setting ip = (2aoyUo)~^ P this 
equation is reduced to 

pI = - 16ao/iop (23) 

that is the standard equation for the Weierstrass elliptic function with the 
invariants g2 = 16ao/^o cind = 0. Equation ( p2D is also solvable by the 
elliptic change of the dependent variable and then by the use of the method 
of characteristic. For example, this procedure gives 

ip = p(^c+ ^2aQiiQ^{x-af + {y-hf^ (24) 

where c, a and h are constants and now p is the Weierstrass elliptic function 
with the invariants g2 = 4/q;o/^o and g^ = 0. 

Now we will consider our third particular case /io = 0, when equation 
(|TUp is reduced to the linear equation 

ip,^ + Viz,z)ip = (25) 

where V = 2 [(logp)^- + p^]. For periodic functions p we have / H'^dH = 
4 / H'^dxdy. So the action (^ in this case is completely defined by the poten- 
tial Viz,!). lfV = const, we have an infinite family of solutions for equation 
(pSj). To define p one has to solve the equation 9zz + 2exp9 = V = const., 
where 6 = p^. The existence of a wide class of periodic solutions of this 
equation was claimed in [^. Using those results and solution of equation 
(|14D presented above, one can construct the variety of closed surfaces with 
the same value of action S = 2'r^'V ja^. 
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In the one-dimensional case = (f{x) one can use the known results 
about the one- dimensional Schrodinger equation —ipxx + Q{x)ip = Eip. There 
are several solvable cases. One of them is provided by the potential Q = 
. ^ p (Sutherland model [541). Taking the periodic wave function 09 = 



associated with the unphysical value of the energy E = 1, one has V = 
7 - „ .-^ 2 - Calculating n^, one gets p = ^/''™^ r. Thus H = and 

4 2sina;2 to ! to 2v^(v^-sinz) 2V2 

u = (^\^ — sin . The corresponding surface is nothing but the Clifford 
torus (see fl^). Here we would like to emphasize its connection with the 
solvable (Sutherland) case of equation (^). Other solvable potentials in (p5|) 
may provide remarkable surfaces too. Nevertheless, it must be pointed out 
that the requirement of a physical interpretation is crucial and we must not 
forget that we are dealing with real surfaces. For instance, for Q = i-^ 

o o 1 coshx^ 

(Bargmann potential) and E = 1, one has a real mean curvature H = 
and pure imaginary p = 2y/2( v^+cosh x) ' Consequently, the metric is negatively 

defined: = — (^\^ + coshx^ . Here, the reality of p is the problem. 

A variety of exact solutions for the two-dimensional Schrodinger equation 
and, hence, equation ( ^5]) is available too. They have been constructed by 
the inverse-spectral transform method (see e.g. the review [^]) and are 
expressed in terms of the Prym 6'-function. 

Now we will discuss some examples of solutions of system of equations 
(|l]), ( p]OD and the corresponding surfaces given by formulae (|I|)-(^). The first 
example is given by 



P = ^, V'l = V^2 = exp (26) 

So the potential F = 1/8 is constant and we get a cylinder of radius R: 

Xi = -Rsmy, X2 = -i^cosy, X3 = (27) 



The second case is 



p =0 

1 /iy-x\ 1 iy + x 

^1=7; exp — — , ^"2 = exp — — (28) 



and 

Xi = — siny coshx, X2 = — cosy cosh a;, X3 = —x (29) 
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namely the catenoid. The third case is 

1 



P 



2 cosh X 



1 fiy + x\ 1 iy-x 



and 



sm?/ COS?/ 

A 1 = ^ — , A 2 = ^ — , A3 = -tanhx (31) 

cosh X cosh X 

that is the unit sphere Xf + X| + X| = 1. Also in this case V = 0. 

Fourth example : the Clifford torus discussed above (which can be ob- 
tained by rotation of the circle of radius 1 with the centre at (a/2, 0) corre- 
sponds to 



smx 



P 



2^2 (72 - sins 



(^-\/2 — sin a; — cos w(^a/2 — sin x + cosa; 

V'l = - — TT^ — : — \ e^, '^2 = - — -T-^ — : — X — -e 

- sm X 2 V 2 — sm x 



and 

siny cosy _ cosx 

^1 - — : , ^2 - — 7= : , A3 - — -= ■ [62) 

V2 — smx v2 — smx v2 — smx 

The potential is V = j - For the Clifford torus J H^di: = 2it^. 



According to the conjecture of Wilmore |T6|, the Clifford torus provides the 
minimum for the functional / H^dT, within a class of compact surfaces of 
genus 1. 

And finally, the fifth example which is associated to the potential 

R'-SR{R-Mf)) 
8[i?-2sin(/)]2 

Here f^{x) = R- sin[/(x)], i.e. 

f{x) = 2 a.Tcta.n h{x) 
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with h{x) 



R 



1 - tan 



sin[/(x 



VR^ - l{x - Ci)/2 
2h{x) 



from which follows that 



The corresponding surface, defined by 
i?-2sin[/(a;)] ^ 



P 



/ f — fx 
ipi = \ — - — e~, ip2 



4 ' " V 4 

and, consequently, 

Xi = -f{x) cosy, X2 = - fix) siny, X3 



7 + /. - 

: — e 2 



COS /(x) 



(33) 



(34) 



represents an extension of the Clifford torus p6 |. 

Other analytic and numerical solution of equations (||)-(|l3) and corre- 
sponding classical configurations of strings will be discussed elsewhere. 
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